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Abstract 

The model consisting of gravitational, scalar and axionic fields is considered. It 
is shown that the action of the Lavrelashvili-Rubakov-Tinyakov wormhole can be 
made arbitrarily negative by varying the parameters of the model. This means that 
semiclassically calculated probability of transition through this wormhole is not ex- 
ponentially small (as usual) but exponentially large. 
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Wormholes - solutions to the euclidean Einstein equations that connect two asymp- 
totically flat regions - are very important for semiclassical calculations of probabilities 
of topology change transitions in quantum gravity. An example of wormhole is the 
Giddings-Strominger euclidean solution in the model of the axionic field minimally 
coupled to gravity. The action S of this wormhole is positive and large at large values 
of the axionic charge flowing through the wormhole. The probability of the topol- 
ogy change transition which is proportional to exp(— 5) is then small, so that the 
wormhole transition is suppressed. 

It is shown in this paper that there exist such models that the action of the 
wormhole is not positive but negative. Moreover, by varying the parameters of the 
model one can make the absolute value of the action as large as one wants. This 
implies that formally calculated semiclassical probability e""^ = e"*"'*^' of the wormhole 
transition will be exponentially large, so that the dilute-wormhole-gas approximation 
used usually for calculation |^, |^ of the wormhole effects will be not applicable. 

Namely, consider the Lavrelashvili-Rubakov-Tinyakov model @, ^, ^ consisting 
of the scalar field ip and axionic field H^^^x = d^B^x + dvBx^ + dxB^^, {B is an 
antisymmetric tensor) which are minimally coupled to gravity. The euclidean action 
of the model is 

S = J d^x^ (^-^R + ^g'-^d.^d^v + ^V{y^v) + ^H,,xH^''>^^ , (1) 

where k is a gravitational coupling constant of the dimensions Gev~'^, fi has the 
dimensions Gev. The dependence of the scalar potential on the parameters of the 
model is chosen in this way for the following aim. If one calculates the probability 
of the euclidean transition, one should consider the path integral of exp(— 5). By 
the rescaling 
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one brings this integral to the saddle-point form 

/z)9C*i)i/exp(--Ls) (2) 

if fi'^K, ^ 1. Note that the dependence like V{y/K,(p)/K, is often considered in investi- 
gations of large-order behaviour of perturbation theory (for a review see f^), as well 
as in the Maslov complex- WKB theory 0. 

The saddle point of the integral (H) which is the solution to the classical field 
equations has the following spherically-symmetric form 0, P] 

$ = Ho., = 0, H,23 = ^ 

ds^ = g^^dx^dx" = {dx^f + a^{x^)dVLl 

(where dVL\ = •jn^dx^Y + '^22{.dx^Y + Is.zi.dx^Y is the metric of the unit 3-sphere) if 
the following equations for $(t) and a(r) are satisfied: 

{a^i^)=a^V'{^), (3) 

= (4) 

It is also required that the potential V{^) has a local minimum at some point $0; 
where F($o) = 0, and the following boundary conditions are imposed on the semi- 
wormhole: 

a(0) = $(0) = 0, $(+oo) = $0 (5) 

(this implies that the solution can be continued into a region r < in such a way that 
a(— r) = a(r),$(— r) = $(t)). The quantity S/2 being proportianal to the action 
5/2 of the semiwormhole is 

SI2= dT\-QT^\il-ad-d^) + 2Ti^a\-^^ + Vm) + Ar^]. (6) 
JO 2 Aix^a-^ 

Note also that the quantity 5'/(v^/^^) is the axionic charge flowing through the worm- 
hole. 
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Let us show that for some potentials V there exist wormholes with negative action. 
To prove this statement, it is convenient to reformulate the problem. Let us be 
interested not in construction of the solution to eqs. (|]), (^) that obeys eq.@ but 
in finding the functions $(t) and V{^) if the function a(r) is given. It will be then 
not hard to choose the latter function in such a way that the quantity (P) will be 
negative. 

By differentiating eq.(^) with respect to r and making use of eq.(|), one obtains 
that 

It follows then from eq.@ that 

V{<^) = - 

Finally, the action (^) takes the following form: 

POO 

S= dr 







{d\ 
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Oppositely, eqs. (0), (|) also imply eqs.®, (|) if $ ^ 0. 

Let us consider the function a shown in fig.l. When r ^ ro,this function can 
be approximated by the Giddings-Strominger wormhole solution U| defined from the 
relation 
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and condition 

dcsi.'To) = 0. 

Nevertheless, one should be careful in constructing the function a, since the depen- 
dence 
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(as $ $o) of the potential V should be taken into account (the parameter a 
is proportional to the mass of the scalar particle fia). However, let us choose the 
function a as 

a(r) ~ acsir) + e6(r) + ©(e^), r > tq, (10) 
where e is a small parameter, while the function 6(r) is found from the equation 

where 0;i„ is a solution to the linearized equation (H) 



One can show that the large- r-behaviour (|l^) leads to the correct mass term of the 
potential (||). 

Consider now the region ri < r < tq + 5, where 5 is a finite quantity, while ri is 
found from the relation 

acsin) = 3ai = 3 (gV87^^)^/^ 0^5(^1) < 0. 

Let us choose the function a(r) in this region to be also slightly different from acsiT)-, 

|a(r) - aGs{r) \ < aGs{r), 

while the quantity (0) is required to be positive, and 

\a{ri) - aGs{ri)\ <aG5(n),a(n) > 2ai (11) 

(see fig.l). These conditions can be satisfied if the parameter e in eq.(|l^) is sufficiently 
small. 

To estimate the contribution of the region r > ri to the action ([T0| ) , notice that for 
the Giddings-Strominger wormhole such quantity is lesser than 'Kq\/Q/2. This means 
that for sufficiently small ratio |a(r) — aGs{'T)\/ o-GsiT) the estimation 



yoo 

S = 1 dr 

n 



^ 47r^a + 277^ (a^a 
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< (12) 



will take place. 

Consider now the region < r < ri. Let us choose the function a as shown in 
fig.l in such a way that the conditions: 

(i) the quantity is positive; 

(ii) d(0) = 0,<i'(0) = 

are satisfied. One can do it, because the first condition means that 

^ -T^ + TTtV^ >0 (13) 



dr \\aj a? 2A^^a^ ^ 

(since a decreases) and does not contradict the boundary conditions, while the con- 
dition (ii) is satisfied when 

a(r) = a(0) - — ( ^ ^rr^ - ir^ + o(t^) 



at small r (7 is sufficiently large to provide eq.(p^). 

The conribution of this region to the action can be made arbitrarily negative. 
Namely, it follows from eq. ([TT|) that 



n 

dr 







^2 

^ - 477^0 + iTi^ia^d) 



As the parameter ri can be made arbitrarily large, the absolute value of the quantity 
([MD will exceed then the finite quantity ([l^). Therefore, the total action (^ will be 



negative. 

When the function a is constructed, one can easily define $(t) by using the func- 
tion $ > found from eq.(0) and making use of the boundary condition $(00) = $o- 
The function V{^{t)), r > 0, as well as V{^), $(0) < $ < $0, is defined from eq.(|). 
Thus, we see that S < for some potential V{^). 

Note that one can also investigate in analogous way the case, when the axionic 
field H is replaced by the massless scalar field. The wormhole solution with the purely 
imaginary value of the massless field also exists, while the equations of motion with 



given value of the global charge [jTO|, [TT| of the massless field coincides with eqs.( 



Thus, we have seen that the wormhole action can be made negative. This implies 
that the contribution of the saddle point under consideration to the functional integral 

(i is 

exp( — 1^1). 

Notice that the semiclassical approximation is valid if the parameter /i^k entering 
to eq.(0) and playing the role of the Planck constant is small. For example, if one 
considers /i to be of order of masses of ordinary particles (/i ~ IGev) then the quantity 
/i^ft will be 10~^^ - a very good small parameter of the expansion. However, the 
semiclassically evaluated probability of the wormhole transition will be exponentially 
large 

10^°''. (15) 

If we adopt the point of view of |0, § that wormholes are relevant to the values of 
the coupling constants, we will find that such values are also of order eq.(|T5|). 

Therefore, the obtained result imposes a restriction on grand unified models: one 
should avoid such potentials that allow wormholes with negative actions. Another 
possible resolvation of the difficulty is to introduce the topological term |]1[ , add it to 
the action and suppose the topological coupling constant to be large. 

Note also that in ordinary particle physics the considered scalar field (p behaves 
as a massive field of the mass without self- interaction (since the coefficient of 
the yj^-term which is proportional to fj^K^/"^^^ ~ (10^^^)"^^Gef is small). The 
dependence oiV on ip may be experimentally found only if one works with particles 
with Planck energies. We are faced then with an interesting situation: the only 
infiuence of the Planck-scale physics on the particle physics is not the perturbation 
theory processes but tunneling processes being undamped. 
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Figure caption. 

Fig.l. The function a(r) (solid line) and its approximation acsiT) (dashed line). 
The region r > ri gives rise to the finite positive contribution to the wormhole 
action, eq.(|^), while the contribution of the region < r < ri can be made arbitrarily 
negative. 
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